This work focuses on finite element formulations for the accurate modeling and efficient simulation of the implicit dynamics of slender fiber-or rod-like components and their contact interaction when being embedded in complex systems of fiber-based materials and structures. Recently, the authors have proposed a novel all-angle beam contact (ABC) formulation that combines the advantages of existing point and line contact models in a variationally consistent manner. However, the ABC formulation has so far only been applied in combination with a special torsion-free beam model, which yields a very simple and efficient finite element formulation, but which is restricted to initially straight beams with isotropic cross-sections. In order to abstain from these restrictions, the current work combines the ABC formulation with a geometrically exact Kirchhoff-Love beam element formulation that is capable of treating even the most general cases of slender beam problems in terms of initial geometry and external loads. While the neglect of shear deformation that is inherent to this formulation has been shown to provide considerable numerical advantages in the range of high beam slenderness ratios, alternative shear-deformable beam models are required for examples with thick beams. For that reason, the current contribution additionally proposes a novel geometrically exact beam element based on the Simo-Reissner theory. Similar to the torsion-free and the Kirchhoff-Love beam elements, also this Simo-Reissner element is based on a C 1 -continuous Hermite interpolation of the beam centerline, which will allow for smooth contact kinematics. For this Hermitian Simo-Reissner element, a consistent spatial convergence behavior as well as the successful avoidance of membrane and shear locking will be demonstrated numerically. All in all, the combination of the ABC formulation with these different beam element variants (i.e. the torsion-free element, the Kirchhoff-Love element and the Simo-Reissner element) results in a very flexible and modular simulation framework that allows to choose the optimal element formulation for any given application in terms of accuracy, efficiency and robustness. Based on several practically relevant examples, the different variants are compared numerically, and, eventually, a general recommendation concerning the optimal choice of beam elements is made.
Introduction
Highly slender fiber-or rod-like components represent essential constituents of mechanical systems in countless fields of application and scientific disciplines such as mechanical engineering, biomedical the cytoskeleton of biological cells [6, 7, 8] . Often, these slender components can be modeled as 1D Cosserat continua based on a geometrically nonlinear beam theory. In all mentioned cases, mechanical contact interaction crucially influences the overall system behavior. The current work focuses on the development of finite element formulations that are capable of accurately modeling the dynamics of slender components and their contact interaction and that allow for an efficient and robust numerical simulation of complex systems of slender fibers.
Geometrically nonlinear beam finite elements are an efficient and accurate tool for modeling and solving mechanical problems of the category mentioned above. In the recent contributions [9, 10] , different types of nonlinear beam element formulations have been evaluated and compared, and the socalled geometrically exact beam formulations (see e.g [11, 12, 13, 14, 15, 16, 17, 18, 19] ) have been recommended in terms of model accuracy and computational efficiency as compared with alternative formulations such as absolute nodal coordinate (ANC) or solid beam elements (see e.g. [20, 21, 22, 23] ). The vast majority of existing geometrically exact beam element formulations are based on the SimoReissner beam theory of thick rods incorporating the modes of axial tension, shear, torsion and bending. On the contrary, in the authors' recent contributions [24, 25, 26] the first geometrically exact beam element formulations based on the KirchhoffLove theory of thin rods have been proposed that are capable of modeling general beam geometries with arbitrary initial curvatures and anisotropic cross-section shapes and that preserve important mechanical properties such as objectivity and pathindependence. According to the Kirchhoff-Love theory, these formulations abstain from the representation of shear deformation. In [26] , it has been shown that the avoidance of the very high stiffness contributions resulting from shear modes leads to considerable numerical advantages in the range of high beam slenderness ratios as compared with existing formulations of Simo-Reissner type. Concretely, a lower discretization error level per degree of freedom as well as a considerably decreased number of accumulated Newton iterations, by a factor of almost two orders of magnitude for high beam slenderness ratios in the range of ζ = 10 4 , could be achieved by the proposed Kirchhoff-Love elements as compared to existing Simo-Reissner elements from the literature. Since such high beam slenderness ratios are typically prevalent in most of the applications mentioned above, the novel KirchhoffLove elements seem to be the ideal numerical tool for such scenarios. In the mentioned reference [26] , four different Kirchhoff-Love element variants have been proposed. They basically differ in the applied rotation interpolation, either based on a strong or a weak enforcement of the Kirchhoff constraint, as well as in the parametrization of nodal rotations, either based on nodal rotation vectors or on nodal tangent vectors. Besides these general KirchhoffLove beam element formulations, reduced models leading to special torsion-free beam element formulations have been proposed in [25] . There, it has been shown that under certain restrictions concerning the initial beam geometry (straight beams with isotropic/circular cross-sections) and external loads (no torsional components of external moments), the (static) Kirchhoff-Love theory yields solutions with vanishing torsion even for arbitrarily large displacements and rotations. This finding justified the development of torsion-free beam element formulations that inherit the high accuracy well-known for geometrically exact beam element formulations, while simultaneously avoiding any rotational degrees of freedom typical for geometrically exact formulations. In turn, this leads to considerably simplified and consequently more efficient finite element formulations, characterized e.g. by symmetric stiffness matrices as well as symmetric and constant mass matrices. For all of the (general and reduced) Kirchhoff-Love element formulations mentioned so far, essential properties such as objectivity, pathindependence, consistent convergence behavior, the avoidance of locking effects or the conservation of energy and momentum by the employed spatial discretizations have been shown analytically and numerically. Moreover, all of these formulations have been based on a C 1 -continuous beam centerline representation, which enables smooth kinematics in the context of beam-to-beam contact schemes.
In the mechanical modeling and numerical simulation of beam-to-beam contact interaction basically two different types of approaches can be distinguished: Point-to-point contact models (see e.g. [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] ) consider a discrete contact force at the closest point of the beams, while line-to-line contact models (see e.g. [38, 1, 39, 40, 41, 42, 43] ) assume distributed contact forces along the beams. In the authors' recent work [43, 44] , it has been shown that line contact formulations applied to slender beams provide very accurate and robust mechanical models in the range of small contact angles, whereas the computational efficiency considerably decreases with increasing contact angles. On the other hand, point contact formulations serve as sufficiently accurate and very elegant and efficient models in the regime of large contact angles, while they are not applicable for small contact angles as a consequence of non-unique closest point projections. In order to combine the advantages of these two basic types of formulations, while abstaining from their disadvantages, a novel all-angle beam contact (ABC) formulation has been proposed in [44] . This formulation applies a point contact formulation in the range of large contact angles and a line contact formulation in the range of small contact angles, the two being smoothly connected by means of a variationally consistent model transition approach. However, since only the formulation of beam-tobeam contact schemes themselves was in the focus of that work, all examples presented there have employed the reduced torsion-free beam element formulation [25] mentioned above. Undoubtedly, the assumptions underlying this reduced model are fulfilled by many of the practically relevant applications mentioned above. Nevertheless, there is also a range of applications involving highly slender fibers where mechanical torsion plays an important role, e.g. all kinds of initially curved fiber geometries or fibers loaded by torsional moments.
In order to face this requirement, several original scientific contributions are proposed in the present work. One aim of this contribution is to combine the all-angle beam contact formulation proposed in [44] with the different types of general Kirchhoff-Love beam element formulations proposed in [26] . Especially the combination with the rotation vector-based parametrization of nodal rotations as proposed in [26] will allow for a simple realization of complex beam structures with beam-tobeam joints while still allowing for a C 1 -continuous geometry representation and smooth contact kinematics. On the other hand, this beam element variant will require a proper transformation of the beam-to-beam contact residual and stiffness contributions derived in [44] . While in [26] , KirchhoffLove finite elements have been identified as the formulations of choice in the regime of high beam slenderness ratios, it is beyond all question that finite element formulations of Simo-Reissner type should be preferred for thick beam geometries where shear deformation may play an important role. Unfortunately, there are only a few very recent contributions considering Simo-Reissner type formulations with smooth geometry representation (see e.g. [45] ), a property that can be regarded as highly beneficial for beam-to-beam contact formulations. To the best of the authors' knowledge, none of these few existing formulations are based on a Hermite interpolation of the beam centerline similar to [24, 25, 26] . Compared to alternative C 1 -interpolations, such a Hermite representation comprises the advantage of a simple representation of nodal orientations and beam-to-beam joints via nodal rotation / tangent vectors. Moreover, it allows for a modular beam-to-beam contact framework since, on the one hand, the contact interaction is entirely determined by the beam centerline representation, and, on the other hand, the centerline discretization of the considered (general and torsion-free) Kirchhoff-Love elements is based on the same Hermite polynomials. For these reasons, a novel geometrically exact Simo-Reissner beam element formulation based on a third-order Hermite centerline interpolation will also be proposed in this work. For this formulation, optimal spatial convergence rates and the avoidance of membrane and shear locking will be shown numerically. Eventually, a series of practically relevant applications that pose important challenges to the applied beam element formulations will be investigated. Therein, the performance of the different beam element formulations under consideration, i.e. of the torsion-free Kirchhoff-Love formulations, the general Kirchhoff-Love formulations as well as the Simo-Reissner formulations, will be compared and a recommendation will be made concerning the optimal choice of beam elements.
The remainder of this work is organized as follows: In Section 2, the most important aspects of the torsion-free beam element formulation proposed in [25] , the Kirchhoff-Love beam element formulations proposed in [26] as well as the underlying Hermite interpolation of the beam centerline are briefly recapitulated. Moreover, the novel Hermite interpolation-based Simo-Reissner beam element is presented in this section, and important properties such as optimal spatial convergence behavior and the avoidance of membrane locking effects are verified numerically. In Section 3, the basics of the ABC formulation first presented in [44] are repeated. Thanks to the modularity of the proposed framework, most of the investigated finite element formulations can directly be combined with the ABC formulation. Only for the Kirchhoff-Love beam elements with rotation vector-based parametrization of nodal rotations, a transformation of the resulting residual and stiffness contributions is required, which will also be considered in Section 3. Subsequently, Section 4 contains a series of practically relevant numerical examples that are intended to investigate and compare the performance of the different finite element variants. Eventually, in Section 5, a summary of the most important results and a recommendation concerning the optimal choice of beam elements will be given.
Geometrically exact beam elements
The geometrically exact beam theory considered in this work is based on the Bernoulli hypothesis of undeformable cross-sections. Consequently, the configuration of the beam is uniquely defined by the beam centerline curve s, t → r(s, t) ∈ 3 representing the line that connects the cross-section centroids and by a field of right-handed orthonormal triads
rigidly attached to these cross-sections and determining their orientation. Here, the rotation tensor Λ(s, t) describes the rotation from the global Cartesian frame e 1 , e 2 , e 3 onto the local crosssection frame g 1 (s, t), g 2 (s, t), g 3 (s, t) according to g j (s, t) = Λ(s, t)e j (s, t) for j = 1, 2, 3 and SO 3 represents the so-called special orthogonal group of 3D rotations. Furthermore, t is the time and
is an arc-length parametrization of the initial centerline curve r 0 (s) and l ∈ the beam length in the initial configuration. Here and in the following, the index 0 of a quantity refers to the unstressed initial configuration. Throughout this work, the index near a matrix (.) ei denotes the basis in which the associated tensor is represented. The kinematic quantities describing the initial and deformed configuration of the beam are illustrated in Figure 1 . Throughout this work, the beam slenderness ratio ζ := l/R, defined as the ratio of the beam length l and the cross-section radius R, will often be employed as tool of characterization.
The following spatial discretization will exclusively be performed in the context of the finite element method (FEM). The discretization of the rotation field Λ(s, t) usually represents the major complexity in the development of geometrically exact beam element formulations, since the underlying configuration space SO 3 represents a nonlinear manifold lacking standard vector space properties such as additivity or commutativity for its elements.
However, the beam-to-beam contact schemes considered in this contribution are based on the additional assumption of circular cross-sections. Even though the rotation interpolation is still a crucial constituent of the beam element formulation, the beam contact interaction is entirely described by the beam centerline configuration in this case. For that reason, the challenging topic of interpolating the rotation field Λ(s, t) will not be further detailed here. Instead, the focus lies on the beam centerline interpolation and the associated nodal degrees of freedom. For simplicity, the arguments s and t will often be omitted in the following.
For conservative systems, the beam problems under consideration can be described by energy contributions Π kin , Π int , Π ext and Π con resulting from kinetic, internal, external and contact forces. Based on the Hamilton principle, the strong form of the dynamic balance equations within a considered time interval t ∈ [0, T ] can be derived via the following variational problem statement:
The Lagrangian L occurring in (1) is defined as
where the alternative variant employed in the second line of (2) is based on the work contribution W ext = −Π ext of the external forces. On the other hand, the weak form of balance equations required for the FEM discretization can be derived by applying the method of weighted residuals to the corresponding strong form, a more general procedure that is also valid for non-conservative problems. Inserting the test and trial functions underlying the finite element discretization into the weak form of the dynamic balance equations typically yields a global system of equations of the form
The global residual vector (3) represents the spatially discretized weak form of mechanical equilibrium, where X is the assembled global vector of time-continuous primary variables containing the nodal degrees of freedom of the finite element discretization and( .) as well as(.) represent the first and second time derivative. How to express these derivatives via displacements of the current and preceding time steps based on a proper temporal discretization scheme will be discussed in Section 2.5. The global residual contributions of internal, kinetic, external and contact forces result from a proper assembly of the corresponding element-wise contributions r int (x), r kin (x), r ext (x) and r con (x), which will be considered in this section and the subsequent Section 3. Here, the vector x summarizes all nodal degrees of freedom associated with one finite element. The system of equations resulting from (3) after temporal discretization will depend in a nonlinear manner on the vector of nodal unknowns X n at a considered (discrete) time step n. Within this work, a Newton-Raphson scheme will be employed in order to solve this nonlinear system of equations. Element-local as well as assembled global contributions to the linearization of (3) will be denoted as k int , k kin , k ext , k con as well as K int , K kin , K ext , K con in the following, with k ... := dr ... /dx and K ... := dR ... /dX.
Beam centerline interpolation
All beam element formulations considered in this work share the same C 1 -continuous centerline interpolation based on third-order Hermite polynomials as proposed in [24] . Concretely, a Bubnov-Galerkin approach is followed in this contribution leading to a discretized beam centerline given by:
Here, d i , t i ∈ 3 are position and tangent vectors at the two element nodes i = 1, 2, δd i , δt i ∈ 3 represent their variations and ξ ∈ [−1; 1] is an element parameter coordinate that can explicitly be related to the arc-length coordinate s according to (.) ,s = (.) ,ξ · J(ξ), with the element Jacobian J(ξ) = ||r 0,ξ (ξ)||. Similar to the abbreviation (.) = (.) ,s for the arc-length derivative, we will use the notation (.) = (.) ,ξ for the derivative with respect to the parameter coordinate. Here and in the following, the index h denotes the spatially discretized version of a quantity, but this index will often be omitted in the following when there is no danger of confusion. The third-order Hermite shape functions N i d (ξ) and N i t (ξ) (see [24] for the properties of these polynomials) are defined as
and provide a C 1 -continuous beam centerline representation, thus enabling smooth contact kinematics for all investigated beam element variants.
Simo-Reissner beam element

Space-continuous problem
The Simo-Reissner theory allows for sheardeformation, i.e. the cross-section orientation is completely independent from the beam centerline curve and can in general be described by three degrees of freedom, e.g. in terms of a rotation vector field ψ(s) ∈ 3 according to Λ(s) = Λ(ψ(s)). For further details on large rotations and how such a rotation vector parametrization can be realized by means of the so-called Rodrigues formula, the interested reader is exemplarily referred to [46, 16, 17, 47, 48] . In a next step, the simplest possible case is assumed for the constitutive behavior of the beam, i.e. that it can be described by means of a length-specific hyper-elastic stored energy function as proposed in [16] :
In the following, length-specificΠ ... and integrated Π ... energy contributions are related according to:
The material deformation measure S(Ω) := Λ T Λ represents torsion and bending, while Γ := Λ T r −e 1 represents axial tension and shear. Moreover, S(a) denotes the unique skew-symmetric tensor representing the vector product S(a)b = a×b for a, b ∈ 3 . The constitutive matrices C M and C F read
where E and G are the Young's modulus and the shear modulus, A, A 2 , A 3 are the cross-section area and the reduced cross-section values, I 2 and I 3 are the two principal moments of inertia and I T is the torsional moment of inertia. Similarly, the lengthspecific kinetic energy can be formulated as:
Equivalently to (8) , the inertia tensor c ρ is given:
Here, ρ is the mass density,ṙ the centerline velocity vector and S(w) :=ΛΛ T defines the spatial angular velocity vector w. Based on these energies and the consideration of external forces acting on the beam domain and boundary, the weak form of the balance equations can be derived (see e.g. [16] ):
In (11), the distributed external forcesf and momentsm, the discrete forces f σ and moments m σ at the Neumann boundary Γ σ , the vector of (additive) virtual displacements δr(s) ∈ 3 as well as the vector of (multiplicative) virtual rotations δθ(s) ∈ 3 , also denoted as spin vector, can be identified. The identity of the objective variations δ o (.) := δ(.)−δθ×(.) of the spatial deformation measures ω := ΛΩ and γ := ΛΓ with the curley bracket terms has been shown in [16] via work-pairing. Furthermore, the force and moment stress resultants f and m as well as the distributed inertia forces and moments f ρ and m ρ are defined according to
wherer is the centerline acceleration vector and a :=ẇ the spatial angular acceleration vector. Finally, the problem formulation has to be completed by proper boundary conditions on the Neumann and Dirichlet boundaries Γ σ and Γ u and proper initial conditions at t = 0 in order to end up with a well-defined initial boundary value problem:
Based on a proper trial space (r(s, t), Λ(s, t)) ∈ U of functions satisfying (13) and a proper weighting space (δr(s), δθ(s)) ∈ V of functions satisfying δr = 0, δθ = 0 on Γ u , the space-continuous SimoReissner beam problem is completely defined.
Spatial discretization
The essential step in deriving the element residual vector from this weak form lies in the spatial discretization of the centerline curve r and the rotation field Λ, i.e. in replacing the trial and test spaces U and V by suitable finite-dimensional subspaces U h ⊂ U and V h ⊂ V. Here, the centerline discretization will be given by the C 1 -continuous Hermite interpolation (4) specifiing r h (ξ) as well as δr h (ξ). On the other hand, the interpolation of the rotation field is given by the three-noded variant of the objective interpolation scheme proposed in [11] . Assuming that each of the three nodal triads Λ i for i = 1, 2, 3 is uniquely defined by proper nodal primary degrees of freedom, this interpolation can be formulated in the following abstract manner:
The expression nl SR (.) in (14) should represent an arbitrary function that depends on its arguments in a nonlinear manner. Following the approach in [11] , the field of virtual rotations δθ(s) is discretized in a Petrov-Galerkin manner based on third-order Lagrange polynomials L i (ξ) according to:
The specific analytical expression for the interpolation (14) as well as the resulting element residual and stiffness matrices are given in Appendix A. It is assumed that the nodal primary degrees of freedom describing the nodal triads Λ i (ψ i ) are given by nodal rotation vectors ψ i ∈ 3 for i = 1, 2, 3. Additionally, the nodal primary degrees of freedom
2 at the element boundary nodes 1 and 2 are employed in order to define the Hermite centerline interpolation (4) . Here and in the following, nodal primary variables of the finite element discretization will be marked by a hat(.). All in all, it can be concluded that the configuration of one finite element is completely defined by a setx SR of nodal degrees of freedom uniquely determining the discrete beam centerline curve (4) and the rotation field (14) . Since the beam-to-beam contact schemes considered in this work solely depend on the beam centerline configuration, an additional element-wise subset of nodal degrees of freedomd SR sufficient to describe the centerline curve is introduced at this point. These two setsx SR andd SR shall briefly be summarized for the proposed smooth Simo-Reissner element, in the following denoted as SR element:
In Figure 2 , the number of degrees of freedom associated with the element boundary nodes 1 and 2 and the element mid node 3 are illustrated. As argued in Appendix A, the employed interpolation schemes will result in a finite element formulation that preserves objectivity and pathindependence, a crucial property for geometrically exact beam elements. Furthermore, the spatial discretization allows for an exact conservation of linear and angular momentum. Moreover, a reduced Gauss-Lobatto integration scheme will be applied for integration of the weak form contributions associated with the deformation measure Γ in order to avoid membrane and shear locking. In the next section, this latter statement will be verified numerically by investigating the spatial convergence based on a benchmark test from the literature.
Verification of spatial convergence
The initial geometry is represented by a 45
• -degree circular arc-segment with curvature radius r 0 = 100 that lies completely in the global x-yplane and that is clamped at one end. The section constitutive parameters of the beam result from a quadratic cross-section shape with side length R = 1 and a Young's modulus of E = 10 7 as well as a shear modulus of G = 0.5 · 10
7 . This initial geometry is loaded by an out-of-plane force f = (0, 0, f z )
T in global z-direction with magnitude f z = 600. This example has initially been proposed by Bathe and Bolourchi [22] and can meanwhile be considered as standard benchmark test for geometrically exact beam element formulations that has been investigated by many authors (see e.g. [17, 47, 49, 50, 51, 13, 52, 53, 12, 14, 9, 54] ). While the original definition of the slenderness ratio yields a value of ζ = l/R = 100π/4 for this example, a slightly modified definition of the slenderness ratio according toζ = r 0 /R = 100 is employed here.
For comparison reasons, also a second variant of this example with increased slenderness ratiõ ζ = r 0 /R = 10000, i.e. R = 0.01, and adapted force f z = 6 · 10 −6 will be investigated. The initial and deformed geometry are illustrated in Figure 3 . In Figure 4 , the relative L 2 -error (see e.g. [24] for the exact definition of the applied error norm) has been plotted over the total number of degrees of freedom for the two different slenderness ratios ζ = 100 andζ = 10000 as well as for discretizations with 1, 2, 4, 8, 16, 32, 64 and 128 Simo-Reissner (SR) elements. In order to investigate the effectiveness of the employed reduced integration procedure (RI) based on a 3-point Gauss-Lobatto integration scheme (integration points at the element boundary nodes and the element mid-point), also the L 2 -error resulting from a full integration (FI) by means of a 4-point Gauss-Legendre integration scheme is presented in Figure 4 . Similar to the observations made in [25] , the full integration leads to a clearly visible decline in the spatial convergence rate that can be attributed to membrane and shear locking. The deterioration of the convergence order increases with increasing beam slenderness ratioζ and decreases with mesh refinement as consequence of an decreasing element slenderness ratio (see also [25] ). On the contrary, the proposed reduced Gauss-Lobatto integration scheme successfully avoids membrane and shear locking, thus leading to the optimal convergence order of four for both investigated beam slenderness ratios. Furthermore, it has been verified numerically (not plotted in Figure 4 ) that a reduced integration approach based on a 3-point Gauss-Legendre integration scheme (3 integration points in the elements interior) hardly improves the spatial convergence behavior as compared to the 4-point scheme plotted in Figure 4 . This observation underlines the importance of the special choice of Gauss-Lobatto integration points, which are identical to the collocation points applied by the MCS method as proposed in [25] for the avoidance of membrane locking.
Kirchhoff-Love beam element
Space-continuous problem
In contrast to the developments of the last section, the Kirchhoff-Love theory is based on the additional constraint of vanishing shear strains, requiring that the cross-section triads remain perpendicular to the beam centerline tangent t(s) := r (s):
Due to this constraint, the cross-section orientation is not described by three independent parameters ψ(s) ∈ 3 anymore. Instead, it is defined by the tangent vector t(s) and one additional scalar degrees of freedom ϕ(s) representing twist rotations with respect to the tangent vector. Analogously, the spin vector is subject to the Kirchhoff constraint and can be uniquely defined by an additional scalar variational degree of freedom δΘ 1 :
Basically, the length-specific kinetic and hyperelastic energies as well as the weak form of the Kirchhoff-Love theory can be derived from the corresponding quantities of the Simo-Reissner theory by inserting the constraints (18) . For the lengthspecific hyper-elastic stored energy function, this procedure shall briefly be demonstrated
while the kinetic energy remains unchanged as compared to (9) . In (19) , the deformation measure Ω associated with torsion and bending is defined as in the Simo-Reissner case, but with Λ(t(s), ϕ(s)) instead of Λ(ψ(s)), while = ||r || − 1 represents the axial tension of the beam centerline. The energy contribution of the shear modes vanishes as consequence of the Kirchhoff constraint (17) . Consequently, the weak form (11) can be simplified by replacing the term (δr − δθ × r ) T f with δ EA =: δ F 1 . Or in other words, the restriction of the arbitrary variations δθ by the Kirchhoffconstraint (17) eliminates the shear force contributions f ⊥ = f−F 1 g 1 from the weak form. However, the choice of a suitable, singularity-free parametrization and interpolation of the constrained rotation field Λ(t(s), ϕ(s)) that preserves essential properties such as objectivity and path-independence is a non-trivial task, which makes the finite element realization of Kirchhoff-Love formulations often more challenging than for Simo-Reissner formulations. This issue will not be further detailed in this work, and the interested reader is examplarily referred to [24, 26] instead. In the following section, only the most important information on spatial discretization that is required for the beam-to-beam contact formulations in Section 3 will be presented.
Spatial discretization
Also the Kirchhoff-Love element formulations presented in this section will rely on a smooth Hermite interpolation of the beam centerline according to (4) . Furthermore, similar to the Simo-Reissner case above, the rotation interpolation is based on three nodal triads Λ 1 , Λ 2 and Λ 3 . However, due to the Kirchhoff constraint of vanishing shear deformation, only one additional scalar degree of freedom (DoF)φ i is required at each node in order to determine the orientation of the nodal triads:
Is is emphasized, that the tangent vectors at the element boundary nodes 1 and 2 are given by the nodal tangentst 1 andt 2 representing primary variables of the Hermite interpolation (4), while the tangent vector at the element mid-node 3 is determined by the arc-length derivative t(ξ 3 ) = r (ξ 3 ) of the Hermite interpolation (4) evaluated at the midnode coordinate ξ 3 = 0. Consequently, this midtriad depends on all four nodal vectorsd 1 ,d 2 ,t 1 andt 2 defining the beam centerline. Details, how the scalar degrees of freedomφ i are actually defined and the triad orientation is "measured" can be found in [26] and will not be further specified here. Also the vectorsx KL−T AN andd KL−T AN , containing all element DoFs and the element centerline DoFs, respectively, have been summarized in (18) . Accordingly, the proposed elements consist of two boundary nodes with seven DoFs as well as one mid-node with one DoF (see Figure 5 ). 
It is emphasized that the finite element formulation resulting from this choice of nodal primary degrees of freedom is the only one considered in this work for which the nodal tangent vectors appearing in the Hermite interpolation (4) are no primary variables of the discretization, but depend on the alternative set (ψ i ,t i ). Consequently, this will be the only element formulation where the beam-to-beam contact schemes considered in Section 3 have to be adapted as compared to the original works [43, 44] . It has been derived in [26] that the finite element formulations resulting from the tangent vectorbased rotation parametrization (20) and from the rotation vector-based rotation parametrization (21) will yield identical finite element solutions. However, it has also been shown that the variant (20) typically leads to a better performance of the nonlinear solver, while the variant (21) simplifies the modeling of complex Dirichlet boundary conditions and joints. This latter aspect will be demonstrated in the numerical example of Section 4.1. Throughout this work, the general Kirchhoff-Love elements presented in this section will be denoted as KL elements. More specifically, the tangent vectorbased variant (20) and the rotation vector-based variant (21) will be distinguished by the notations KL-TAN and KL-ROT when necessary.
Besides the two different parametrizations of nodal triads considered so far, also two different interpolation schemes for the rotation field Λ(s) have been considered in [26] . The first one is based on a strong enforcement of the Kirchhoff constraint and shall be noted in an abstract manner as follows:
Here, the notation nl SKL (.) again represents a nonlinear function in its arguments. Since the Kirchhoff constraint has to be fulfilled in a strong manner, the interpolation scheme (22) does not only depend on the nodal triads Λ i , but also on the arc-length derivative t(ξ) of the discrete centerline curve (4). The second interpolation scheme proposed in [26] fulfills the Kirchhoff constraint only at the three element nodes. Consequently, an arbitrary rotation interpolation scheme can be chosen between the nodal triads Λ i . In [26] , the same rotation interpolation scheme (14) as for the SimoReissner case has been employed:
The indices SKL and WKL stand for a strong and weak enforcement of the Kirchhoff constraint, respectively. Both variants apply the Hermite interpolation (4) for the beam centerline. All in all, four different finite element variants SKL-TAN, SKL-ROT, WKL-TAN, WKL-ROT result from a combination of the two interpolation schemes (22) and (23) as well as the two sets of nodal rotation parametrizations (20) and (21). However, only the latter aspect will be important for the considered beam-to-beam contact schemes, whereas a detailed description and comparison of the two different rotation interpolations can be found in [26] . Consequently, no distinction will be made between the SKL and WKL variants in the following, and the additional indices S and W will be omitted. The element residual and stiffness contributions of all these four variants are again summarized in [26] . Moreover, in that reference, it has been shown that the Kirchhoff-Love element formulations considered in this section typically yield a lower discretization error level per degree of freedom as comparable Simo-Reissner elements from the literature. Also the observed nonlinear solver performance clearly advocates the application of Kirchhoff-Love formulations in the range of high beam slenderness ratios. Concretely, savings in the total number of Newton iterations up to two orders of magnitude could be achieved for slenderness ratios in the range of ζ = 10 4 as compared to the investigated SimoReissner formulations. Subsequent numerical examples will confirm this trend.
Torsion-free beam element
The torsion-free beam element formulation considered in the following has originally been proposed in [25] . There, it has been shown that under certain restrictions concerning initial beam geometry (straight beams with isotropic/circular crosssections) and external loads (no torsional compo-nents of external moments), expressed by
the Kirchhoff-Love theory yields solutions with vanishing torsion even for arbitrarily large displacements and rotations. Here, the Frenet-Serret vector
describes the curvature of the beam centerline. This finding of vanishing torsion justified the development of a static torsion-free beam element formulation in [25] . In [43] , the formulation has been extended to dynamics, yielding the following lengthspecific kinetic and hyper-elastic stored energies:
Consequently, the deformation is entirely described by the modes of axial tension and (isotropic) bending κ := ||κ||, while the considered inertia effects solely depend on the centerline velocity field v := ||ṙ||. Deriving the weak form of balance equations from these energy expressions yields the following very compact result:
As indicated by the subscript (.) ⊥ , the torsion-free beam theory is only applicable if the external moment vectors contain no components parallel to the centerline tangent. In [25] , the result that restrictions (24) lead to a state of (exactly) vanishing torsion for large-deformation Kirchhoff-Love beam problems has only been derived for static problems. However, the observations made in numerical investigations suggest that these restrictions typically lead to very small, although not exactly vanishing, torsion values also for dynamic problems, which justifies the application of the torsion-free beam element, in the following denoted as TF element, also in such scenarios. A thorough mechanical derivation of this result for the general case of dynamic Kirchhoff-Love beam problems will be addressed in a forthcoming contribution. From (27) , it can readily be seen that the torsion-free beam problem is completely defined by the configuration of the beam centerline, which will be discretized by means of (4) also for the TF beam element formulation. Thus, the challenging and computationally involved discretization of the rotation field can completely be avoided, which results in twelve degrees of freedom entirely describing the element state:
For the TF beam element, the required number of degrees of freedom is visualized in Figure 6 . The resulting element residual vector and stiffness matrix for the dynamic case are summarized in [43] . Due to the complete avoidance of any rotational degrees of freedom, standard procedures such as spatial discretization (in a manner that preserves objectivity of deformation measures), linearization, configuration updates, or time integration via finite differences in dynamics are considerably simplified as compared to standard geometrically exact beam elements, while still inheriting the high degree of computational accuracy and efficiency of these formulations. In contrast to standard geometrically exact formulations, the TF element will result in a symmetric tangent stiffness matrix (as long as no external moment contributions are considered, which are known to be non-conservative) and a symmetric and constant mass matrix (see also Section 2.5.1). The torsion-free model also seems to provide an ideal tool for the mechanical investigation of cable-like structures or 1D quasi-continua such as chains. In pure cable formulations, artificial bending terms are often necessary in order to stabilize compressional modes. On the contrary, the torsion-free formulation naturally provides such a stabilization in a mechanically consistent manner.
Temporal discretization
While spatial discretization has exclusively been based on the finite element method (FEM), finite difference (FD) schemes will be employed for temporal discretization. Thereto, the considered time interval of interest t ∈ [0, T ] is subdivided into equidistant subintervals [t n , t n+1 ] with constant time step size ∆t, where n ∈ N 0 is the time step index. Consequently, the solution for the primary variable fields describing the current configuration C(s, t) := (r(s, t), Λ(s, t)) is computed at a series of discrete points in time with configurations C(s, t n ) := (r(s, t n ), Λ(s, t n )) =: (r n (s), Λ n (s)). In the following, the temporal discretization of the TF beam element presented in the last section, as well as of the Simo-Reissner and Kirchhoff-Love elements presented previously, will be considered.
Torsion-free beam element
For the torsion-free beam element, only the second time derivative of the primary variable field r(s, t) appears (linearly) in the weak form (27) . Consequently, the assembled global residual vector (3) of the spatially discretized, time-continuous beam problem can be simplified for this formulation on the basis of a constant global mass matrix M:
The structure of this system of residual equations is identical to the structure resulting from standard 3D volume finite elements. Consequently, also a standard time discretization scheme typically combined with this category of 3D finite elements can be chosen. In the present work, the well-known (standard) generalized−α method [55] based on the parameters β, γ, α m and α f is employed for temporal discretization of the global vector of nodal primary variables X(t). The temporal discretization process is indentical to standard 3D elements and the required constant mass matrix is given in [43] .
Simo-Reissner and Kirchhoff-Love elements
For temporal discretization of the Simo-Reissner and Kirchhoff-Love beam elements considered in this work, an extension of the generalized−α scheme recently proposed by [56, 57, 58] for the treatment of large rotations will be applied. Compared to the standard generalized−α scheme, the extended variant allows for temporal discretization based on multiplicative rotation increments. Such a procedure is independent from the specific rotation parametrization, which not only leads to considerably simplified discrete expressions, but also to a very general scheme that can be directly applied to arbitrary Simo-Reissner or Kirchhoff-Love beam element formulations without the need for additional adaptions. Also this extended generalized−α scheme can be identified as an implicit, one-step finite difference scheme inheriting the desirable properties of the standard generalized−α scheme such as second-order accuracy, unconditional stability (within the linear regime), controllable damping of the high-frequency modes and minimized damping of the low-frequency modes. Remarkably, the parameter choice leading to this optimal behavior is identical to that of the standard generalized−α scheme. Due to the inertia moment term S(w)c ρ w + c ρ a in (12), the inertia residual contributions will in general depend on the primary variables and their time derivatives in a nonlinear manner and does consequently not allow for a simplification as in (29) . More details on the combination of this extended generalized−α scheme with the geometrically exact beam element formulations considered herein as well as the inertia residual and stiffness contributions can be found in [26] . The corresponding inertia residual and stiffness contributions of the Simo-Reissner element proposed in Section 2.2 are presented in Appendix A.
Beam-to-beam contact formulation
In this section, the essential constituents of the all-angle beam contact (ABC) formulation proposed in [44] (see Section 3.3), as well as the underlying point-to-point (Section 3.1) and line-toline (Section 3.2) contact models will be repeated. While for most of the finite element formulations considered in the present work, the contact residual and stiffness contributions derived in [44] can directly be applied, the Kirchhoff-Love element formulation with a rotation vector-based parametrization of the nodal triads according to (20) requires some additional transformations. These transformations will be presented in Section 3.4.
In the following, two beams 1 and 2 with crosssection radii R 1 and R 2 are considered. The beam centerlines are represented by two parametrized curves r 1 (ξ) and r 2 (η) with curve parameters ξ and η. Furthermore, r 1,ξ (ξ) = r 1 (ξ) and r 2,η (η) = r 2 (η) denote the tangents to these curves at positions ξ and η, respectively. It is assumed that for the spatially discretized space curves a unique tangent vector exists at every position ξ and η. This requirement is satisfied by means of the employed C 1 -continuous Hermite interpolation (4).
Point contact model
In the following, the basics of the well-known point contact formulation [27] are presented. The point-to-point beam contact model enforces the contact constraint by prohibiting penetration of the two beams at the closest point positions ξ c and η c . The coordinates of these points are defined as solution of the bilateral closest point projection:
This leads to two orthogonality conditions to be solved for the unknown coordinates ξ c and η c :
The non-penetration condition at the closest point is formulated by means of the inequality constraint
where g is the gap function. This constraint is enforced by means of the penalty potential
Variation of the penalty potential (33) yields the point contact contribution to the weak form:
According to (34) , the point-to-point beam contact formulation models the contact force f cε that is transferred between the two beams as a discrete point force acting at the closest points of the beam centerlines in normal direction n. The kinematic quantities introduced above are illustrated in Figure 7 . For later use, also the so-called contact angle shall be defined as the angle between the tangent vectors at the contact points:
The contact contribution to the weak form is completely determined by the two beam centerline curves. Thus, insertion of (4) into (34) followed by a consistent linearization yields the contact contributions to the element residual vector and stiffness matrix, which are e.g. summarized in [27, 44] . 
Line contact model
In this section, the most important aspects of the line-to-line contact formulation proposed in [43] shall be repeated. In contrary to the point-to-point contact model, this formulation is based on a line constraint enforced along the entire beam length. The relevant kinematic quantities of this approach are illustrated in Figure 8 In case of line contact, a distinction has to be made between a master beam (beam 1) and a slave beam (beam 2). The closest master point η c to a given slave point ξ is determined as solution of the unilateral ("ul") minimal distance problem
Condition (36) leads to one orthogonality condition to be solved for the unknown coordinate η c :
Thus, in contrary to the point contact model, the normal vector is still perpendicular to the master beam 2, but not to the slave beam 1 anymore. The non-penetration condition becomes
and is integrated into the variational problem formulation by means of the penalty potential
Variation of the penalty potential defined in (39) leads to the contact contribution to the weak form:
In (40), the contact force vector f cε (ξ) as well as the normal vector n(ξ) can be identified:
According to (41) , a line-to-line beam contact formulation models the contact force f cε (ξ) that is transferred between the beams as a distributed line force. Also in the line contact case, the contact angle field can be defined according to:
Eventually, spatial discretization has to be carried out by inserting the discretization (4) into equation (40) and replacing the analytical integral by a Gaussian quadrature (see Figure 8(b) ). The element residual and stiffness contributions resulting from this line-to-line contact scheme are summarized in [43] . Furthermore, in this reference, a special integration interval segmentation procedure has been proposed in order to avoid the numerical integration across strong discontinuities at master beam endpoints, which, in turn, leads to a considerable reduction of the overall discretization error.
All-angle beam contact formulation
In [43, 44] , it has been shown that line contact formulations applied to slender beams provide very accurate and robust mechanical models in the range of small contact angles, whereas the computational efficiency considerably decreases with increasing contact angles. On the other hand, point contact formulations serve as sufficiently accurate and very efficient models in the regime of large contact angles, while they are not applicable for small contact angles as a consequence of non-unique closest point projections. In [44] , the ABC formulation has been proposed in order to combine the advantages of these two basic types of formulations. This formulation applies a point contact formulation in the range of large contact angles and a line contact formulation in the range of small contact angles. The smooth model transition between these two regimes within a prescribed angle interval
is realized by defining the following angledependent transition factor k(z), with z = cos(α):
In [44] , two different variants of model transition have been investigated, one on penalty force level,
as well as one variant on penalty potential level, viz.
Variation of the potential-based variant (46) leads to additional contact moment contributions as compared to (45) . These contributions are required for a variationally consistent formulation that allows for exact conservation of energy, which is not necessarily guaranteed by the force-based model transition (45) . However, in [44] , an optimal ratio of the point penalty parameter ε ⊥ and the line penalty parameter ε has been derived such that the nonconservative work contributions of the force-based variant are minimized and this considerably simpler formulation can be applied to most practically relevant problem classes. A spatial discretization procedure similar to the ones for the underlying basic contact models again allows to derive the contact residual and stiffness contributions, see [44] .
In that reference, further important algorithmic aspects can be found concerning contact search algorithm, smoothed penalty laws, consistent treatment of beam endpoint contacts or the application of a step size control that avoids an undetected crossing of beams in the range of large time step sizes.
Rotation vector-based Kirchhoff-Love element
In general the element residual contributions stemming from the contact interaction of two finite elements 1 and 2 can be written as:
In a similar fashion, also the contact contributions to the element stiffness matrices can be formulated:
As shown in [44] , the beam-to-beam contact schemes considered in this work yield residual and stiffness contributions that solely depend on the sets of degrees of freedomd 1 andd 2 defining the beam centerline. Since this setd i defining the beam centerline is identical for the SimoReissner element (16) (SR), the Kirchhoff-Love element with tangent vector-based nodal rotation parametrization (20) (KL-TAN) and the torsionfree element (28) (TF), the residual and stiffness contributions derived in [44] can directly be applied to these elements without the need for any further adaption. Only a correct assembly of the corresponding rows and columns based on the arrangement of the centerline degrees of freedomd within the vectorx has to be considered. On the other hand, for the rotation vector-based Kirchhoff-Love element (21) (KL-ROT), the nodal position and tangent vectors d 1 , d 2 , t 1 and t 2 of the centerline interpolation (4) represent no primary variables, and, thus, the setd is different for this element. However, in [26] it has been shown how standard element residual vectors and stiffness matrices can be transformed between the element variants KL-TAN and KL-ROT. Since the contact contributions of the KL-TAN element can directly be taken from [26] , the contributions of the KL-ROT element can be determined via a similar transformation, which shall in the following be given for the beam-to-beam contact case. In [26] , the variations δx T AN and δx ROT as well as the iterative increments ∆x T AN and ∆x ROT of the primary variable sets (20) and (21) are given, and the required (linear) transformation rule has been stated as:
The deformation-dependent transformation matricesTx and T Mx are specified in [26] . Now, the transformation between element residual vectors (47) and stiffness matrices (48) associated with the KL-TAN element formulation (index (.) T AN ) and the KL-ROT element formulation (index (.) ROT ) will be conducted. For simplicity, the index (.) con in (47) and (48) will be dropped. According to [26] , the residual transformations yield: (54) according to the definitions introduced in [26] . Combining equations (52)- (54) and applying the same procedure to r ROT,2 eventually yields:
Equations (51) and (55) allow to determine the corresponding element residual vectors and stiffness matrices of the KL-ROT element for given contributions of the KL-TAN element.
Numerical examples
In this section, the previously described beam element formulations from Section 2 as well as the smooth beam contact formulation from Section 3 will be applied to several exemplary fiber-based structures of varying system size and geometrical complexity. The applicability and accuracy of the methods will be verified numerically in quasi-static as well as dynamic test scenarios. Moreover, these examples aim at comparing the results of TF, KL and SR elements based on the characteristics of the structures and the applied boundary conditions. In all following simulations, a Newton-Raphson scheme is used in order to solve the set of nonlinear equations resulting from the temporally and spatially discretized weak form of the balance equations. Unless otherwise stated, the Euclidean norms of the displacement increment vector and of the residual vector are used as convergence criteria. Typically, the corresponding tolerances were chosen as 10 −10 and 10 −7 respectively. Additionally, a load step control (in quasi-static simulations) or time step control (in dynamic simulations) algorithm is applied. The scheme starts with an initial value of N 0 steps. If the Newton-Raphson scheme has not converged within a prescribed number of iterations, the step size is halved and the step is repeated. This procedure is repeated until convergence is achieved. Then, after four subsequent steps with low step size level, the step size is doubled again. Also this procedure of successively doubling the step size after four converging steps at the current step size level is repeated until the original step size is reached again. This procedure will not only drastically increase the overall computational efficiency, it also allows for comparatively objective and fair comparisons of the performance of the Newton-Raphson scheme for different element formulations. In the context of beam contact simulations, additionally a step size control is applied which limits the maximal value of the displacement value per Newton step to a previously defined upper bound (see [44] ). This upper bound is typically chosen as half of the minimal cross-section radius present in the respective example. On the one hand, this procedure prevents an undetected crossing of two beams within one iteration and on the other hand, it yields a more robust path to convergence.
Complex fiber-based microstructures
Within this section, the applicability of the geometrically exact beam elements introduced in Section 2 and the smooth contact formulation presented in Section 3 to the modeling of rather complex fiber-based structures and microstructures shall be illustrated. For this purpose, we exemplarily investigate a generic cylindrical tube that is formed by curved hexagonal microstructures along its circumference and axis, see Figure 9 . The resulting cylindrical structures somewhat resemble the chemical bond layout of carbon nanotubes [59, 60] and could possibly be applied for their mechanical analysis. However, within our present work these microstructures shall merely serve as typical representative of complex fiber-based assemblies, and the focus of our analysis clearly lies on the accuracy and efficiency of the proposed SR and KL beam element formulations, respectively.
As can be seen in Figure 9 , the fundamental building block for the chosen structures are regular hexagonal unit cells with all internal angles being 120
• and the side length s being the only free parameter. Models at different microstructural refinement levels can easily be generated by setting the cylinder radiusR as well as the number of hexagons along the circumference N circ and along the cylinder axis N axi . This set of parameters is complemented by the cross-section radius R of the beam segments representing the hexagon sides, while the finite element discretization is based on one beam element per hexagon side. However, owing to the C 1 -continuous beam centerline interpolation presented in Section 2.1, this modeling ap- proach is already sufficient for a smooth external geometry representation of the cylinder structures. Concretely, the employed KL-ROT elements enable a straight-forward modeling of the rigid joints between the hexagon segments (see also [26] ) such that the nodal centerline tangents of finite elements connected at these joints (see e.g. point A in Figure 10 ) all lie within one tangent plane. Such a smooth representation of the enveloping cylinder hull turned out to be very beneficial for the robustness of beam-to-beam contact schemes. An exemplary structure resulting from this pre-processing framework is also illustrated in Figure 9 . Within the following numerical investigations we apply two beam element types: the already mentioned KL-ROT element from Section 2.3 and the SR element from Section 2.2. The cylinder radius is set toR = 25 and, at least implicitly, the cylinder length is defined by requiring that N circ /N axi = 2. With regard to microstructural refinement, the four different levels N circ = 10, 20, 40, 80 are considered, and in terms of beam segment slenderness ratio we compare the three cases R = 0.5 (rather thick beams), R = 0.1 (average slenderness) and R = 0.02 (rather thin beams). The boundary conditions for the numerical analysis are chosen as follows: all nodes at the cylinder bottom are simply supported, i.e. u x = u y = u z = 0, while a prescribed displacement u z = 100 (still with u x = u y = 0) is applied at the cylinder top in the direction of the cylinder axis. As mentioned above, all interior joints are modeled as rigid connections. The simulations are carried out using a quasi-static loadstepping scheme and standard Newton-Raphson iterations for solving the nonlinear problem.
Some exemplary initial and final deformed configurations for the chosen setup are visualized in Figure 11 . It can be seen that the prescribed displacements lead to very large deformations both at the macroscopic structural level as well as at the microstructural level. In particular, we would like to point out the deformation behavior in the vicinity of the hexagon joints, where the higher-order C 1 -continuous centerline interpolation allow for an accurate representation of the rigid connections and a physically meaningful deformation of the hexagon sides themselves at the same time, see Figure 10 . In terms of quantitative analysis, axial forcedisplacement curves were measured for all simulation setups described above. The results are shown in Figure 12 . Each subfigure summarizes the results for one particular value of the beam radius, i.e. R = 0.5, 0.1, 0.02, while the four different microstructural refinement level N circ = 10, 20, 40, 80 are compared within each subfigure. All parameter combinations have been simulated by means of the KL(-ROT) element, whereas only for the case R = 0.5, which is most critical in terms of shear deformation, a verification by means of the sheardeformable SR element has been performed.
Several observations can be made that are in excellent agreement with mechanical theory. Firstly, the force-displacement curves scale linearly with the number of hexagons along the circumference and quadratically with the beam radius, i.e. F ∼ N circ * R 2 . This makes perfect sense when thinking of the hexagonal microstructure as a mechanical continuum in the limit of high refinement levels, with an effective cross-section area A ∼ N circ * R 2 . Secondly, as consequence of shear deformation, a certain deviation can be identified between the numerical solutions for the SR beam element and the KL beam element in Figure 12(a) . The shear-free KL elements result in a slightly stiffer response vis- ible by higher values of the axial reaction forces. As expected, this deviation decreases with a decreasing value of N circ leading to an increasing beam segment length and slenderness ratio. However, also for the most critical of the investigated cases represented by the combination R = 0.5 (largest crosssection radius) and N circ = 80 (shortest segment length) the deviation remains below 10%. Eventually, also some considerations concerning the behavior of the performance of the Newton-Raphson scheme shall be made. Thereto, the total number of accumulated Newton iterations required to solve the problem based on the load step control described in the beginning of this section and an initial value of N 0 = 1 load steps has been recorded for the KL and SR elements. Exemplarily, the results for the variants N circ = 40 and R = 0.5, 0.1, 0.02 shall be investigated. Based on the KL element, the problem could be solved in one load step and 14−15 iterations for all three slenderness ratios. On the contrary, the required number of load steps and accumulated iterations resulting from the SR element increases considerably with increasing slenderness ratio leading to values of 107, 180 and 360 iterations for the cross-section radii R = 0.5, 0.1, 0.02. This observation is in complete accordance with the results already derived in [26] . Even though the variants with N circ = 40 represent the case where this effect was most pronounced, also for all the other parameter combinations considered in this work, the KL element exhibited a considerably lower number of Newton iterations as the SR element. Furthermore, according to the investigations made in [26] , the Newton-Raphson performance of the KL-TAN elements can be expected to be even better than for the applied KL-ROT elements. However, the latter element formulation has been preferred here since it simplifies the formulation of joint conditions as required for the present example. Finally, the applicability of the beam-to-beam contact algorithms presented in Section 3 to fiberbased microstructures such as the ones investigated above shall be demonstrated in a qualitative manner. For this purpose, two cylinders with hexagonal microstructures (R = 25, N circ = 40, N axi = 20, R = 0.5, KL beam elements) are placed next to each other, their axes being orthogonal at a distance of 2R+2R, see Figure 13 . The two ends of the lower cylinder are simply supported, i.e. u x = u y = u z = 0, while the two ends of the upper cylinder are moved towards the lower cylinder with a prescribed displacement u x = 25 (still with u y = u z = 0). The course of deformation is illustrated in Figure 14 . It can be seen that the two microstructures come into contact with the active contact zone progressively becoming larger and substantial deformations occurring in the microstructures themselves. While being qualitative in nature, these results underline the superior robustness of the devised geometrically exact beam elements and beam-to-beam contact algorithms. As elaborated in Section 3 the robustness of the contact formulation can particularly be attributed to the smooth beam centerline interpolation (even for microstructures with crosspoints) and the unified treatment of point-and linebased beam contact within a variationally consistent model transition approach, see [44] for details.
Static twisting process of a rope
In this example, the static twisting process of a rope will be investigated. The considered rope is built from 7×7 individual fibers with length l = 5, circular cross-section of radius R = 0.01 and Young's modulus E = 10
9 . The arrangement of the initially straight fibers in seven sub-bundles with seven fibers per sub-bundle is illustrated in Figure 15 (a).
While this example has originally been considered in [43] on the basis of the TF beam element formulation, here the numerical results derived by spatial discretizations with 10 TF, KL and SR beam elements, respectively, shall be compared. Since the enclosed angle is small for all contacting fibers throughout the entire simulation, only the line contact formulation from Section 3.2 is applied. The contact parameters are chosen identical to [43] . In the first stage of the twisting process, each of the seven sub-bundles is twisted by four full rotations within 80 static load steps. The twisting process is performed in a Dirichlet-controlled manner, such that the cross-section center points at one end of the sub-bundles (front side in Figure 15 ) are moving on a circular path with respect to the individual sub-bundle center points, while the corresponding points at the other end of the sub-bundles (back side in Figure 15 ) remain fixed. The deformed configurations at characteristic load steps after one, two, three and four full rotations are illustrated in Figures 15(b)-15(e) . In the second stage of the twisting process, all seven sub-bundles together are twisted by one further rotation within 20 additional static load steps. This time, the cross-section center points are moving on a circular path with respect to the center point of the entire 7 × 7-rope.
For the simulations, a Newton-Raphson scheme with load step adaption scheme and step size control as explained in the beginning of this section is applied. The given standard values are used for the tolerances of the convergence criteria. The upper bound of the admissible step size (displacement increment) is set to a value of 0.5R = 0.005 within the step size control and the maximum number of iterations per step is chosen as 50.
The deformed configuration at the end of this twisting process is illustrated in Figure 15 (f). While the cross-section center points of all fiber endpoints at one end of the rope (front side in Figure 15 ) are fixed in axial direction, the cross-section center points of all fiber endpoints at the other end of the rope (back side in Figure 15 ) are free to move in axial direction. Additionally, a constant axial tensile forcef ax = 1000 acting on each of these axially freely movable fiber endpoints provides axial pre-stressing during the entire twisting process. All fiber endpoints are simply supported but not clamped. Consequently, Dirichlet conditions are only applied to the positional degrees of freedom at the endpoints but not to the tangential degrees of freedom. In the case of KL and SR elements, the rigid body mode associated with a rotation around the fiber axis is blocked by additional Dirichlet conditions at one end of the rope (back side in Figure 15) . This is not necessary for the torsion-free TF element formulation where such a rigid body mode does not exist by definition.
The straight initial geometry of the individual fibers as well as the chosen loading and Dirichlet boundary conditions are compatible with the requirements discussed in Section 2.4. As a result, each individual fiber remains torsion-free and the TF beam elements yield exact results for the considered static example. Given the global twisting state of the rope as illustrated in Figure 15 (f), this result might contradict first intuition. Nevertheless, of course, an overall external axial torque resulting from the moment contributions of the reaction forces at the beam endpoints with respect to the centerline of the rope is necessary in order to guarantee for static equilibrium of the twisted rope at different load steps. The corresponding evolution of this external axial torque during the deformation process is plotted in Figure 16 .
As expected due to (exactly) vanishing torsional deformation and small shear deformation expected for the considered fiber slenderness ratio of ζ = 500, the results for the three different applied beam formulations are in excellent agreement. Interestingly, the evolution of the twisting torque over the twisting angle is almost linear within the two stages of deformation, i.e. the behavior of the rope is similar to the twisting response of a slender continuum. The higher slope in the second twisting stage, where all sub-bundles are twisted uniformly with respect to the centerline of the rope, results from the increased overall elastic stiffness. The external work required in order to perform the considered twisting process in a quasi-static manner is proportional to the area enclosed by the graph of the twisting torque and the horizontal axis of Figure 16 . By taking into account the different number of degrees of freedom per element, the computational cost in order to derive these results is smallest for TF, followed by KL and highest for SR elements. These findings underline the superiority of torsion and/or shear-free beam formulations in cases where the underlying assumptions are met.
Static and dynamic loading of a helical spring
The following numerical example investigates the response of a spring to static as well as dynamic loading. Its initial and stress-free geometry is defined as a helix with linearly increasing slope (see Figure 17(d) ) via the analytic representation
R 0 = l 
The radius R 0 of the enveloping cylinder of the helix is chosen such that the helix exactly consists of 4.5 coils, i.e. β ∈ [0; 9π], along the length of l = 1000. A value of R = 4 is chosen for the cross-section radius of the helix which results in a slenderness ratio of ζ = 250. The spring is clamped at one end (bottom in Figure 17 ) and load will be applied to the other end point (top in Figure 17 ). In order to mimic a realistic application of this spring, two additional rigid structures were added in the surrounding of the helix to guide its large deformation under the applied load (see grey colored structures in Figure 17) . A rigid cylinder of radius R b = 28 and length l b = 500 is placed along the centerline of the helix, providing a close guidance with an initial closest distance of approximately 2.36 from the surface of the spring. Moreover, a rigid torus with the same cross-section area as the helix is placed such that its centerline contour lies in the xy−plane at the vertical position z = −9.1. The material of the spring is modeled by a St. Venant Kirchhoff law with Young's modulus E = 1.0, Poisson's ratio ν = 0 and density ρ = 1.0 · 10 −8 . In case of the shear-deformable SR formulation, the shear correction factor is chosen as κ = 1.0.
Since small contact angles are prevailing in this example, only the line-to-line contact formulation of Section 3.2 with a linear penalty law and quadratic regularization (see [43] ) is applied here. Note that a point contact formulation would anyway not be able to model the contact between spring and the central rigid cylinder (aligned with the helix axis) because no unique bilateral closest point exists, which is a prerequisite for this type of formulation. Eventhough the ABC formulation would automatically resolve this geometrical property in a correct and robust manner, here use has been made of the a priori knowledge that only small contact angles will ocur which makes the point-to-point contact contribution of the ABC formulation obsolete. The corresponding line penalty parameter is chosen as ε || = 10 −3 in the quasi-static simulations and ε || = 10 −2 in the dynamic simulations, and the regularization parameter of the quadratically regularized penalty law areḡ = 0.05R = 0.2 and g = 0.25R = 1.0 respectively (see [43] ). Each beam element is subdivided in twenty 5-point integration segments (see also [43] ).
First, a quasi-static loading process will be analyzed. For this purpose, the helical structure is discretized by 16 or 64 beam elements of tangent vector-based KL(-TAN) type or SR type respec- Via the defined time curve for the tip displacement u z , first the tensile and then the compression range of the characteristic displacement-reactions curve of the spring is measured by tracking the reaction forces at the tip. The simulations are conducted with a time step size of ∆t = 0.01 using a Newton-Raphson scheme with step size control that limits the displacement increment per iteration to a maximum value of 0.25R = 0.1 (see beginning of Section 4 for details). Again, a step adaptivity is employed that repeats a step with half of the original (pseudo-) time step size if convergence fails within the prescribed maximum number of 30 iterations. Tolerances for convergence criteria are again chosen as introduced in the beginning of Section 4.
Some characteristic configurations are illustrated in Figure 17 . The simulation ends at the fully compressed state with u z ≈ −168 (see Figure 17 (g)).
The resulting displacement-reactions curves are plotted in Figures 18 and 19 . As expected from Hooke's law, the relationship between displacement in axial direction of the spring u z and axial reaction force F z is linear in the regime of moderate displacements (approx. −100 < u z < 100). For large tensile deformations, the stiffness of the spring increases smoothly but steadily due to the strong geometrical nonlinearity and the growing influence of stiff axial tension deformation modes. In the compression regime, a strong nonlinear effect, in form of a kink in the load-displacement curve illustrated in Figure 19 , due to the contacting coils can be observed. This compression stiffness is mainly determined by the number of coils in contact and the cross-section stiffness represented by the penalty regularization of the applied beam contact model. Also for this example of an initially curved elastic fibrous structure, the results from KL and SR elements are in excellent agreement (see Figure 19) . This meets the expectation of negligible sheardeformation for highly slender bodies as it is the case in this example. Furthermore, Figure 19 reveals that the comparatively rough discretization with 16 SR elements leads to a still visible discretization error as compared to the discretization with 64 finite elements, however, the qualitative behavior is already captured very well.
In order to investigate the influence of shear deformation, a further variant of this example with increased beam cross-section radius shall be investigated. For better comparability, only the value of the cross-section radius occurring in the section constitutive law (8) is scaled by a factor of 5, i.e. Again, the simulation is performed in a Dirichletcontrolled manner similar to the first variant. The resulting load-displacement curve is illustrated in Figure 20 . Accordingly, due to this artificially increased cross-section radius a clear difference between the results of the shear-free KL elements and the shear-deformable SR elements becomes visible. Consequently, in such a case the Simo-Reissner theory of thick rods might be preferable as compared to the Kirchhoff-Love theory of thin rods.
After this quantitative static analysis, also the dynamic response of the elastic spring shall be investigated in a qualitative as well as quantitative manner. For comparison purposes, the helical structure is discretized by 16 or 64 beam elements of tangent-vector based KL or SR type respectively. Again, one end of the spring is clamped but now the other end is loaded by a discrete external forcef z in z-direction. As the location of load application, i.e. the tip, does not lie on the centerline of the helix, it causes a moment around the x-axis that is (partly, since the tip location changes in time) balanced by an additionally applied discrete external momentm x = R 0fz . Both loads are increased linearly within 0 < t < 4 and subsequently decreased linearly within 4 < t < 5. After the release of the applied load, the spring performs a free oscillation and the simulation covers a full cycle up to t end = 10.
The extended generalized-α scheme presented in Section 2.5.2 with a prescribed spectral radius ρ ∞ = 0.95, i.e. a small amount of numerical dissipation, and a constant time step size of ∆t = 10 −3 is applied for temporal discretization of the problem. Figure 21 visualizes the deformed geometry at several points in time. In the course of the simulation, the spring undergoes large deformations in the tensile as well as the compression regime and shows a highly dynamic motion. Contact interactions with the rigid guides as well as self contact of the coils occur over the entire simulated time span. Note that in the state of high compression, also the beam endpoints come into contact with other coils such that the contact model for beam endpoints as mentioned in Section 3 and proposed in [43] is mandatory for this challenging example.
In terms of quantitative analysis, the elastic, kinetic and contact penalty energy is plotted over time in Figure 22 . The sum of these three contributions is plotted as total system energy and remains constant with only very little deviations after the external load is released (see Figure 22(a) ). Already for a rather coarse spatial discretization with 16 beam elements, energy conservation is thus very well fulfilled by the applied beam and contact formulation and the time integration scheme. For a fine discretization of 64 elements, energy is even better conserved and the fluctuations associated with the highly dynamic shocks from selfcontacting coils in the compressed state are hardly visible anymore. Even though the total system energy is slightly higher for the SR elements due to the prevalence of additional shear deformation modes, the results for KL and SR elements match excellently well for a sufficiently fine discretization with small spatial discretization error (see Figure 22(b) ).
While this example represents the only dynamic test case within this work, further dynamic applications and investigations done on the important topic of total energy conservation in the context of the proposed ABC formulation can be found in [44] . There, for example the dynamic failure of two contacting ropes, similar to the one presented in Section 4.2, as well as the associated system energy have been investigated. Moreover, also the influence of mechanical contact on the Brownian dynamics of biopolymer networks, tight networks of highly slender filaments prevalent e.g. in biological cells, have been studied in this reference.
Static load test on a webbing
As final application, a static load test performed on a fibrous webbing shall be analyzed. The webbing consists of 10 + 20 ribbons, each of them made out of 10 individual fibers with circular crosssections. The geometrical and constitutive parameters of an individual fiber are given by l = 500, R = 1, E = 2G = 1.0 · 10 7 . Each fiber endpoint is simply supported and the positions of these supports are chosen such that the fibers are initially stress-free in case no beam-to-beam contact interaction is considered. Within a ribbon, two neighboring fibers pointing in global x-direction exhibit a vanishing initial gap g 0 = 0 while the fibers pointing in global y-direction are placed with an initial distance of g 0 = R. Each fiber is discretized by 20 TF elements yielding a global system that consists of 300 fibers, 6000 finite elements and approximately 38000 degrees of freedom. In this example, the regimes of point and line contact are clearly separated. Thus, the shifting angles of the ABC formulation are chosen to α 1 = 40
• and α 2 = 45
• . Since no active contacts lying within the transition interval are expected, the line and point penalty parameters do not necessarily have to be harmonized. Concretely, a quadratically regularized penalty law with ε ⊥ = 2.4 · 10 5 , ε = 2.0 · 10 4 andḡ = 0.1R in combination with one three-point integration interval per slave element is chosen. Again, the global Newton-Raphson scheme is supplemented by the step size control and load step adaption scheme as introduced in the beginning of Section 4.
In order to determine the pre-stressed initial configuration, the fibers in x-direction are first loaded by a properly chosen sinusoidal line load. However, contact interaction is not considered in this first step. After activating the contact algorithm, the line load is reduced to zero in an incremental manner in order to finally yield the equilibrium configuration of the unloaded system as illustrated in Figure 23 (first and second row, left). In a next step, the deformation of the resulting webbing when exposed to a point loading shall be investigated. Thereto, a test piece in form of a rigid sphere (radius 50) is driven into the webbing. This process is performed in an incremental, Dirichlet-controlled manner. The modeling of the contact interaction between the rigid sphere and the individual fibers is similar to the procedure described in Section 3.1 in the context of beam point-to-point contact. Different perspectives of the final deformed configuration are again shown in Figure 23 . This state is characterized by approximately 15000 active line contact Gauss points, 16000 active point contacts and maximal penetrations in the range of 10% of the cross-section diameter for both regimes. The well-balanced number of active point and line contacts underlines the efficiency potential of the ABC formulation and demonstrates that the computationally expensive line contact contributions have been successfully reduced. In Figure 23 , also the magnitudes of the resulting axial tension within the individual fibers are illustrated. Often, the mechanical fiber interaction in webbings of the type considered here is strongly determined by friction forces. Thereto, a future extension of the proposed beam-to-beam contact formulation by frictional effects seems to be very promising in order to improve the model quality and the significance of the generated simulation results. Nevertheless, for material pairings exhibiting low friction coefficients, the outcomes visualized in Figures 23 already provide a first quantification of the expected fiber stresses and a first hint with respect to possible failure mechanisms. Furthermore, the perhaps more important purpose of this example is to demonstrate the robustness and scalability of the presented beam element and beam-to-beam contact formulations when applied to systems of practical relevance and size.
Conclusion
The focus of this contribution lay on the development of finite element formulations for the accurate modeling and efficient implicit dynamics simulation of slender fiber-or rod-like components and their contact interaction being embedded in complex systems of fiber-based materials and structures.
While the vast majority of existing geometrically exact beam element formulations is based on the Simo-Reissner beam theory of thick (sheardeformable) rods, in the authors' recent contributions [24, 25, 26] the first geometrically exact beam elements based on the Kirchhoff-Love theory of thin (shear-free) rods have been proposed that are capable of modeling general beam geometries with arbitrary initial curvatures and anisotropic crosssection shapes and that preserve important mechanical properties such as objectivity and pathindependence. In [26] it has been shown that the avoidance of the very high shear stiffness contributions achieved by these Kirchhoff-Love elements leads to considerable numerical advantages in the range of high beam slenderness ratios as compared to existing formulations of Simo-Reissner type. Exactly such high beam slenderness ratios are prevalent in many applications of practical interest, recommending the proposed Kirchhoff-Love beam element formulations as method of choice for the numerical simulation of such systems.
Concretely, four different Kirchhoff-Love element variants have been proposed and analyzed in [26] . These basically differ in the applied rotation interpolation, either based on a strong or a weak enforcement of the Kirchhoff constraint, as well as in the parametrization of nodal rotations, either based on nodal rotation vectors or on nodal tangent vectors. Within the present work, only the two variants either being based on nodal rotation vectors (KL-ROT element) or on nodal tangent vectors (KL-TAN element) have been distinguished. Besides this general Kirchhoff-Love beam elements, also a reduced model leading to a special torsionfree beam element formulation has been proposed in [25] . There, it has been shown that under certain restrictions concerning the initial beam geometry (straight beams with isotropic/circular crosssections) and external loads (no torsional components of external moments), the Kirchhoff-Love theory yields solutions with vanishing torsion even for arbitrarily large displacements and rotations. This finding justified the development of a torsion-free beam element (TF element) that inherits the high accuracy well-known for geometrically exact beam element formulations, while simultaneously avoiding any rotational degrees of freedom typical for geometrically exact formulations. In turn, this leads to considerably simplified and consequently more efficient finite element formulations. Both, the general as well as the torsion-free KirchhoffLove elements mentioned so far are based on a C 1 -continuous beam centerline representation, a distinctive property which enables smooth kinematics in the context of beam contact schemes.
While in [26] , Kirchhoff-Love finite elements have been identified as the formulations of choice in the regime of high beam slenderness ratios, it is beyond all question that finite element formulations of Simo-Reissner type should be preferred for thick beam geometries where shear deformation may play an important role. For that reason, a novel geometrically exact Simo-Reissner beam element based on a third-order Hermite centerline interpolation has been proposed as alternative to the considered Kirchhoff-Love elements when modeling smooth contact interaction in the range of low beam slenderness ratios. For this formulation, optimal spatial convergence rates as well as the successful avoidance of membrane and shear locking, achieved via a Gauss-Lobatto reduced integration scheme, has been verified numerically.
In the mechanical modeling and numerical simulation of beam-to-beam contact interaction basically two different types of approaches can be distinguished: point-to-point and line-to-line contact models. In the authors' recent works [43, 44] , it has been shown that line contact formulations applied to slender beams provide very accurate and robust mechanical models in the range of small contact angles, whereas the computational efficiency considerably decreases with increasing contact angles. On the other hand, point contact formulations serve as sufficiently accurate and very elegant and efficient models in the regime of large contact angles, while they are not applicable for small contact angles as a consequence of non-unique closest point projections. In order to combine the advantages of these two basic types of formulations, while abstaining from their disadvantages, a novel all-angle beam contact (ABC) formulation has been proposed in [44] . This formulation applies a point contact formulation in the range of large contact angles and a line contact formulation in the range of small contact angles, the two being smoothly connected by means of a variationally consistent model transition approach. However, all examples presented in [44] have employed the TF element formulation [25] mentioned above. In the present work, the all-angle beam contact formulation proposed in [44] has been extended to the different types of general Kirchhoff-Love beam elements proposed in [26] and to the new SR element proposed in the present work. Whereas no adaption of the ABC formulation has been necessary for most of the considered beam elements, the combination of the ABC scheme with the KL-ROT element employing a rotation vector-based parametrization of nodal rotations (see also [26] ) required an additional transformation of the contact residual and stiffness contributions as compared to [44] , which has been derived in the present work.
Eventually, a series of practically relevant applications that pose important challenges to the applied beam element formulations have been investigated. Therein, the properties and performance of the different beam element formulations under consideration, i.e. of the torsion-free Kirchhoff-Love formulations, the general Kirchhoff-Love formulations and the Simo-Reissner formulations, have been compared. Especially the treatment of examples exhibiting initial curvatures as well as rigid joint connections, thus scenarios which can not be modeled by means of the torsion-free theory, have been in the focus. By means of a numerical test case considering the contact interaction between two cylindrical tubes with complex hexagonal microstructure, it has been shown that this KL-ROT element enables a simple and straight-forward formulation of mechanical joint conditions on the one hand, and that the C 1 -continuous geometry representation enabled by the Hermite centerline interpolation can even be preserved at multi-element joints on the other hand. This property turned out to be very beneficial for modeling and robustly simulating the contact interaction between such microstructures. In a further example, the contact dynamics occurring during the free oscillation of an initially curved helical spring have been investigated on the basis of different spatial discretizations with KL and SR elements. Accordingly, the important property of energy conservation could be confirmed for the combination of these different spatial finite element discretizations, the proposed ABC formulation and the employed time integration scheme, a recently proposed extension of the well-known generalized−α scheme to problems involving large rotations. Furthermore, two examples fulfilling the requirements of the torsion-free theory, namely the twisting process of a rope and a static load test performed on an industrial webbing, have been considered allowing for a comparison with the general KL and SR elements.
In all these examples, the main tendencies observed in [26] for problems without beam-to-beam contact could be confirmed under the presence of contact interaction. Correspondingly, the results obtained by Simo-Reissner and Kirchhoff-Love beam elements coincided very well in the range of moderate to high slenderness ratios, while for very low beam slendernesses a visible difference between these two models could be observed. However, whenever the considered beam slenderness ratio allowed for an application of the shear-free Kirchhoff-Love elements, these formulations turned out to be clearly favorable in terms of nonlinear solver performance and overall robustness leading to a considerably decreased number of accumulated Newton iterations as compared to the investigated shear-deformable Simo-Reissner formulation. Furthermore, it has been verified that, also for complex examples involving intensive mechanical contact interaction, the TF element formulation yields identical results as the general Kirchhoff-Love elements as long as the specified restrictions concerning external loads and initial geometry are fulfilled. Moreover, in [25, 26] it has already been shown that the number of degrees of freedom required to achieve a certain discretization error level typically increases when switching from the TF element to the KL element and eventually to the SR element. By taking into account all these aspects, the overall computational cost required to guarantee for a specified solution quality is smallest for TF, followed by KL and highest for SR elements. These findings underline the superiority of torsion and/or shear-free beam element formulations in cases where the underlying assumptions are met.
Appendix A. Residual vector and stiffness of Simo-Reissner element
For the following derivations, the vectorx containing the nodal degrees of freedom of the SimoReissner element (see Section 2.2) is split into the two partsd of degrees of freedom associated with the centerline interpolation andψ ψ ψ of degrees of freedom associated with the rotation interpolation: The different symbol θ has been chosen for the variations / increments of ψ, since these are of multiplicative nature (see e.g. [16, 13, 26] ), while δd and ∆d represent additive variations and increments of the primary variablesd. In addition, the matrix H is introduced. It contains the Hermite polynomials (5) such that the interpolation (4) and its variation / increment can equivalently be expressed by: Based on the nodal triads Λ i = Λ i (ψ i ) for i = 1, 2, 3, the rotation interpolation originally proposed in [11, 13] and given in abstract manner by equation (14) , shall now be detailed:
(A.4)
The rotation vector variation field δθ is interpolated in a Petrov-Galerkin manner as given in (15) δθ
where L is a elementwise assembly of the third-order Lagrange polynomials L i (ξ). The rotation vector increment field ∆θ associated with a consistent linearization of (A.4) has been derived in [13] : ∆θ(ξ) = The deformation-dependent shape function matricesĨ i are defined in the original work [13] and can also be found in [26] (in a notation identical to the one used here). The matrixĨ represents again a proper elementwise assembly of the nodal shape function matricesĨ i . Based on this notation and the employed interpolations, the element residual vector can be derived from (11) The extended generalized−α scheme (see Section 2.5.2), which espresses the translational as well as rotational velocities and accelerations as occurring in the inertia forces f ρ and moments m ρ (see (12) ), is presented in [26] . It has to be emphasized that temporal discretization is performed after spatial discretization (as typical for geometrically exact beam formulations). Thus, the corresponding finite difference relations of the time integration scheme are not applied to the vectorx of discrete nodal variables and its time derivatives, but rather to spatially interpolated quantities evaluated at the Gauss points required for numerical integration of (A.7). Applying the procedure described in [26] , the following linearization of the in-ertia forces and moments can be formulated: Here, the constants k 1 and k 2 are defined by the parameters β, γ, α f and α m of the the (extended) generalized−α scheme according to:
Furthermore, the transformation matrix T is also given in [26] . Eventually, the linearization (A.8) can be stated in the following general form:
∆r SR,d = k SR,dd ∆d + k SR,dθ θ θ ∆θ θ θ, ∆r SR,θ = k SR,θd ∆d + k SR,θθ θ θ ∆θ θ θ.
(A.13)
Inserting equations (A.3) and (A.6) into equations (A.9), (A.10) and (A.11) and the latter into (A.8) finally allows to determine the element stiffness contributions k SR,dd , k SR,dθ θ θ , k SR,θd as well as k SR,θθ θ θ . In order to avoid membrane and shear locking, all residual and stiffness terms containing the force stress resultant vector f are numerically integrated by means of a 3-point GaussLobatto scheme. All the remaining residual and stiffness contributions are integrated on the basis of a 4-point Gauss-Legendre (full) integration scheme. The reduced Gauss-Lobatto integration scheme leads to a number of n eq,c = 3(2n ele +1) constraint equations for a discretization with n ele finite elements providing a total of n eq = 12n ele + 9 unknowns / equilibrium equations. Similar to the procedure in [26] , it can be shown that this procedure leads to a discrete constraint ratio r h that equals the constraint ratio of the space continuous problem r, i.e. r h = r = 2, and consequently no locking effects are expected for this element formulation. Furthermore, since the proposed C 1 -continous SimoReissner element formulation combines two interpolation schemes already investigated in [26] , namely the Hermite centerline interpolation (4) and the rotation interpolation (A.4), it is straight-forward to show that the applied spatial finite element discretization fulfills essential properties such as objectivity, path-independence as well as conservation of linear and angular momentum.
